A study of the double logarithmic in the center-of-mass energy, s, contributions to the four-graviton scattering amplitude is presented for four-dimensional N ≥ 4 supergravities. This includes a novel representation for the coefficients of the perturbative expansion based on exactly solvable recurrences. A review is given of the structure in the complex angular momentum plane for the t-channel partial wave singularities of the different amplitudes. Working in impact parameter representation, ρ, it is shown that the resummation of double logarithms makes gravity weaker in regions of small ρ and large s. This screening of the gravitational interaction at short distances in the double logarithmic sector of the amplitudes is more acute as the number of gravitinos in the theory increases. It brings corrections to the eikonal phase which can change the sign of the graviton's deflection angle and generate regions with repulsive interaction. For very small impact parameters there appears a constant negative shift in both the eikonal phase and Shapiro's time delay which is not large enough to generate causality violation.
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studied in the present work, were originally calculated in [20] . Those results are in agreement up to two loops for N = 4, 5, 6, 8 supergravities with the double-copy study presented in [21] . More recently, further confirmation of [20] has been found at three loops for N = 8 supergravity in [22] . The DL amplitudes in this theory have been investigated in impact parameter representation, together with their mapping to the problem of counting 1-rooted ribbon graphs, in [23] .
If L is the loop order, N the number of gravitinos of the theory, s = (p 1 + p 2 ) 2 , t = (p 1 − p 3 ) 2 , u = (p 1 − p 4 ) 2 and κ 2 = 8πG = 8π 2 α, with G being Newton's constant, the four-graviton scattering amplitude with helicities (++;++) can be written in the form (1.1)
In the Regge limit, s −t = q 2 , Lipatov found [9] [10] [11] that the one-loop amplitude contains the graviton Regge trajectory,
Its infrared divergence can be regularized by a cut-off λ and the ultraviolet one by s. The dependence on λ is well known in gauge theories and should cancel when evaluating physical observables. The ultraviolet divergence is due to the use of an effective high energy theory and has a kinematical origin. Eq. 
Two-loop corrections to this formula for different supergravities can be found in [21] and at one-loop for usual gravity in [24] . They are in agreement with eq. (1.3). At high energies u −s and the first line in eq. (1.4) contains a double logarithm in energy of the form α t ln 2 s. The analysis of the resummation of these terms for N ≥ 4 supergravities is the target of the work here presented.
Lipatov calculated [9] the DLs present to all orders in the four-graviton amplitude generated by ladder diagrams. In [20] it was shown that non-ladder contributions are -2 -
important and should be included in the calculation. Non-ladder terms appeared before in quantum electrodynamics (QED). For example, in e + e − forward scattering they take the form of a Bessel function. In the case of e + e − backward scattering Sudakov photon lines should be attached to the external fermions generating an equation with a parabolic cylinder function as solution. These results were obtained by Gorshkov, Gribov, Lipatov and Frolov long ago [25] [26] [27] . Similar techniques can be used in quantum chromodynamics (QCD), applied to deep inelastic scattering [28] [29] [30] , or in the electroweak sector of the Standard Model [31] .
In the next section a novel representation of the DL terms for the four-graviton scattering amplitude in different supergravities is given and studied in detail. After this the associated singularity structure in the complex angular momentum plane for the partial waves is explained, together with a numerical study of the position of their poles. Finally, the representation of the amplitudes in impact parameter space is introduced highlighting the role played by the DL corrections in the eikonal phase, having as a consequence a shift in the Shapiro's time delay and the change of sign in the graviton's deflection angle in the forward limit. Some conclusions are drawn at the end.
Double logarithms in perturbation theory
To work with the four-graviton scattering amplitude in four-dimensional supergravity, at DL accuracy, it is convenient to extract the λ-dependent piece in the graviton Regge trajectory and to use the representation In [20] it was shown that the ladder and non-ladder DLs to the four-graviton amplitude are generated by the solution to the equation, similar to the QED and QCD cases, for the partial wave where η N ≡ N −6 2 . The derivative stems from virtual gravitons with the smallest p T and the quadratic term from low energy gravitons and gravitinos exchanged in the t-channel. Introducing the expansion (2.3) in eq. (2.5) it is possible to show that the coefficients follow the recursive relation,
(2.6)
The sequence of terms can be obtained by iteration, e.g. The recursive relation for the N = 4 coefficients has a trivial solution where only the first one survives and is equal to one. This shows that the DLs are not present in N = 4 supergravity. There must be a symmetry reason for this cancellation and work is in progress to understand this fact. As discussed in [20] , N = 4 supergravity is a critical theory which marks the transition from badly behaved amplitudes at high energies when N < 4, which blow up at large s, to finite amplitudes which manifest a convergent behaviour when N > 4. For this second class of theories it is possible to find closed expressions for the coefficients of the DL sector in the four-graviton amplitude.
As explained in [23] , there is a rich history for the coefficients C (8) n . They are present in many body theory [32] , as combinatoric weights in QED [33] and in calculations of the polaron Green's function in solid state physics [34] . The non-linear equation (2.6) belongs to a class of exactly solvable recurrences studied in mathematical works on combinatorics.
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In [35] the self-convolutive recurrence relations u n = (α 1 n + α 2 )u n−1 + α 3 n−1 j=1 u j u n−j , u 1 = 1 , (2.8) were solved in the form u n = ∞ 0 x n−1 µ(x)dx. Provided that (α 1 , α 2 , α 3 ) = (2, −3, η N ) and u n+1 = C (N ) n , it follows that eq. (2.6) is equivalent to eq. (2.8). Using the representation
it is then possible to write
where Γ is the usual gamma function and 1 F 1 is the Kummer confluent hypergeometric function, defined as the solution to
It can be written in terms of the expansion 1 The weight function in eq. (2.10) for each supergravity with N > 4 becomes µ (5) where I a (z) is the modified Bessel function of the first kind and erfi(z) the imaginary error function. These expressions generate the set of coefficients C (N ) = C (N ) 0 , C (N ) 1 , . . . for each supergravity theory in agreement with eq. (2.7). More explicitly, C (4) = (1, 0, 0, 0, 0, 0, 0, . . . ) , As explained above, for N = 4 supergravity the double logarithms are not present. The only non-zero coefficient is that corresponding to the Born amplitude, C (4) n = δ 0 n and the scattering amplitude is constant in the DL approximation, M (4) 4,DL (s, t) = 1. For N = 6 it is possible to perform the integration in eq. (2.9) to obtain
The corresponding DL amplitude can therefore be calculated explicitly, A plot of the different DL amplitudes with κ 2 = 8π 2 and t = −1 is shown in figure 1 . The N = 7, 8 amplitudes tend to zero very rapidly as s increases featuring some oscillatory behaviour. In the N = 5, 6 cases they also tend to zero but more slowly and without oscillations. In the next section this is explained in terms of the singularity structure of their t-channel partial waves. All these plots have been produced by the numerical integration of eq. (2.13) and they are equivalent to those presented in [20] , which were obtained by numerical integration of the partial waves over a contour in the complex angular momentum plane. 
An equivalent, although simpler, representation is
where H n are the Hermite polynomials. In terms of a contour integral over a counterclockwise directed path from ∞ + i 0 to ∞ − i 0, L, enclosing the origin, they can be written in the form where D n is the parabolic cylinder function. This representation allows for the analytic continuation away from the real axis in n and it is compatible with the perturbative expansion of f (N ) ω . To see this it is needed to use the asymptotic expansion for the parabolic cylinder function at |z| → ∞: are zero. When applied to eq. (3.3) this leads to the expansion in eq. (2.3),
(3.8)
The expression in eq. (3.3) reveals the singularity structure of the partial wave in the ω plane. It corresponds to a set of simple poles situated at the zeroes of the function
, which are placed in the left hand side of the complex plane. Due to eq. (2.2), the asymptotic behaviour of the DLs to the scattering amplitude in the s −t limit is governed by the poles closest to the origin.
There is no need to discuss the singularity structure of the N = 4 amplitude. In the N = 5 case the partial wave has a set of simple poles situated at the zeroes of the function since η 6 = 0. The partial wave can be written as
where C (6) n = (2n)! 2 n n! . The analytic structure in the complex ω plane is therefore trivial. The location of the partial wave singularities is at the zeroes of H −1 -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ -����� ± ����� ⅈ Figure 6 . The 20 zeroes on the complex plane z = x + iy for H − 1 2 z √ 2 with the largest real part. line with argument equal to 3π 4 and below the line with argument equal to 5π 4 as shown in figure 6 and figure 7 .
The s −t → ∞ asymptotic expressions for the different DL amplitudes considering only the rightmost poles in each case can be written in the form (the exact expression is given for the N = 6 amplitude)
The first factor in these expressions stems from the evaluation of the residues which generates a term 2/(6 − N ). The comparison of these asymptotic results, for κ 2 = 8π 2 and t = −1, with their exact counterparts is shown in figure 8.
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(s, t=-1), (7) 4,DL (s, t=-1), 
Two poles asymptotics

Impact parameter representation
To better understand the physical content of the DL resummation it is useful to work in impact parameter space, ρ, for the graviton-graviton interaction. The required Fourier transformation of the amplitude reads
where q = √ −t. In a high energy and fixed impact parameter eikonal approach it is now possible to exponentiate this phase,
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Since s > 0 and t = − s 2 (1 − cos θ) ≤ 0, the s −t limit implies t = −q 2 −s θ 2 4 and, hence, θ 1. The integration above is dominated by the stationary phase region given by ∂ ∂ρ qρ + χ (N ) = 0. It is then possible to evaluate the associated graviton-graviton scattering angle in the DL eikonal and forward limit taking the derivative with respect to ρ,
The simplest case for study is that of N = 4 since M
4,DL = 1 and its eikonal phase corresponds to the impact parameter representation of the Born term in eq. (1.1) evaluated at high energies, where u −s, and fixed t = −q 2 . It corresponds to a logarithm containing the infrared scale λ,
The symbol "⇒" has been introduced to indicate the limit when the cut-off λ goes to zero. The associated graviton's deflection angle in the forward limit, which is λ independent, then reads
For a given s, the growth of θ Born in the limit ρ → 0 is characteristic of an attractive interaction.
The Born term can be subtracted in order to isolate the DL effects in those theories with N > 4. The DLs are subject to the constraint s > −t, 1 i.e.
where (see eq. (2.4))
In this DL sector of the eikonal phase the regulator λ can be dropped out since the integration is free from infrared singularities. When expanded in powers of the coupling, this representation of the eikonal phase correctly reproduces the eikonal-DL crossed terms of the form
1 This is a different approach to the asymptotic, and less accurate, one presented in [23] for the N = 8
case. Since the DL resummation is valid in the s −t = q 2 limit it is natural to constrain the integration in the eikonal phase to the region where q < √ s. A second improvement is to consider the t dependence in the argument of the logarithms, which was treated as a subleading effect in [23] . This allows for a better description of the interplay between impact parameter and energy in the quantities here investigated.
������� ������ κ = ���� � = ��� present in the two-loop exact four-graviton scattering amplitudes for different supergravities [21] . A numerical study of the contribution to the eikonal phase from DLs as a function of the impact parameter ρ with κ = 0.1 and s = 100 is given in figure 9 . For all N > 4 supergravities this is a negative function which goes rapidly to zero as the impact parameter grows. Therefore at large ρ the Born phase prevails and the DLs are only relevant at small distances. The modification of the Born phase is more evident as the number of gravitinos in the theory increases. The equidistance among different lines arises because in the ρ → 0 limit with not very large energies the role of the DLs is to generate a constant shift in the eikonal phase of the form
which stems from the coefficient C (N ) 1 . For any value of s the role of the higher order DLs is to suppress this shift in the phase at larger values of the impact parameter and generate a consistent Born behaviour at long distances. Hence the phase shift in this region is governed by the one-loop DL corrections, it is proportional to κ 4 s 2 and with opposite sign to the Born eikonal phase which goes as κ 2 s. This implies that the relative size of the DLs to the Born phase rapidly grows with s. To further understand this point, the full eikonal phase, with both the Born and DL terms included, is shown in figure 10 for a large center of mass energy s = 50000. It can again be seen how the DL resummation generates a constant phase shift which is more pronounced as N grows. In the region with very high energies eq. (4.9) is no longer an accurate approximation and a large number of coefficients are needed to find the eikonal phase shift for ρ 1. The deflection angle with DLs for each supergravity can be written in the form (4.11) -13 -JHEP01(2020)163 Figure 10 . The Born eikonal phase and its value plus the DL corrections for a fixed energy s = 50000 and different supergravity theories. DL is always negative, the DL resummation has the effect of reducing the Born graviton-graviton deflection angle. This means that a screening of the gravitational interaction is generated by the DL quantum corrections to the scattering amplitude which is larger as the number of gravitinos in the theory increases. The same effect was already found in an asymptotic analysis for N = 8 supergravity in [23] . The screening of gravity is stronger as s grows, up to the point that it can generate a negative graviton's deflection angle for high enough center of mass energies. To illustrate this point figure 12 is given for a very large s where the angle is evaluated at Born level and including the DLs for N = 5, 6, 7, 8. It can be seen that θ (N ) < 0 for a large region in impact parameter space. The higher the number of gravitinos in the theory, the more important this weakening of gravity effect becomes. The DLs increase their relative size with respect to the Born reflection angle and their range of action in impact parameter space as the center-of-mass energy grows. The modification of the Born behaviour at small distances for N = 8 is the largest of all the supergravities here discussed. For each theory there is an impact parameter ρ (N ) max where the corrections to the deflection angle peak. In order to get its exact value all the DL terms should be taken into account and it is needed to solve the equation Nevertheless the DL sector of the amplitude should not be neglected given that it strongly reduces the gravitational interaction at high energies and in a region of small impact parameters. The fact that this screening of gravity is more important for a larger number of gravitinos in the theory is presumably related to the possible lack of ultraviolet divergencies in N = 8 supergravity. It is noteworthy that this resummed sector of the four-graviton amplitude does not affect large distances, it is infrared finite, and thus it does not need of the regulator λ present in the Born diagrams.
The resummation of the DL terms therefore generates a λ-independent negative shift for the eikonal phase in the short distance region which grows as the center-of-mass energy increases, it is absent for N = 4 supergravity and maximal for N = 8 supergravity. This can be viewed as a negative contribution to the so-called Shapiro's time delay [43] experienced by a particle in a 2 → 2 scattering process [44] , which is akin to the time delay suffered by light travelling near a massive object when compared to its propagation in flat space. The eikonal approximation in light-cone coordinates (z − , z + , z i ), where the incoming particle p 1 (p 2 ) has a large p + (p − ) component, implies s 2p + p − , t − q 2 = −q 2 . The particle moving in the z + direction suffers a Shapiro's time delay which is related to the eikonal phase of eq. (4.1), i.e.
after its interaction with the other particle travelling in the z − direction. In ultraviolet complete theories it has been argued that, to avoid superluminality in the low energy limit, it is needed to allow only time delays and not time advances. This implies the positivity constraint χ(ρ, s) > 0. Such a logic has been used to constrain the type of cubic vertices present in a new theory or to call for new physics at some intermediate scale to enforce the positivity condition on the eikonal phase [45] [46] [47] .
-17 -JHEP01(2020)163 All quantum corrections contribute to this function at high energies to generate a result which is always positive in the (s, ρ) regions explored in this work (figures 13, 14) . This implies that it is possible to have a screening of the gravitational interaction or even a repulsive gravitational potential without violating causality in the DL eikonal limit.
Conclusions
The double logarithmic in the center-of-mass energy, s, contributions to the four-graviton scattering amplitude have been investigated for four-dimensional N ≥ 4 supergravities.
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A novel integral representation for the coefficients of the perturbative expansion has been obtained in eqs. (2.9), (2.14), (2.15), (2.16), (2.17) . These should be compared to the current and future calculations of the higher order terms in the amplitude. Already the results here presented are in agreement at two loops for N = 4, 5, 6, 8 supergravities with those of [21] and at three loops in N = 8 supergravity with [22] . The study of the associated singularities for the t-channel partial wave in the complex angular momentum plane has been reviewed and the asymptotic representation of the amplitudes using the rightmost poles has been calculated with the correct normalization factors (eqs. (3.11), (3.12), (3.13), (3.14) ).
Following and improving the work in [23] , the amplitude has been studied in impact parameter representation. The corrections to the eikonal phase have been written in terms of the perturbative coefficients in eq. (4.7). For small impact parameters they generate a negative constant shift in the phase which is sensitive to a higher number of DL quantum corrections as the center of mass energy grows.
Taking the derivative w.r.t. the impact parameter of the eikonal phase it is possible to study the graviton's deflection angle in the forward limit. The DL corrections to it, written in eq. (4.11), are always negative and grow with energy. For some regions of small impact parameters and very large energies they can generate a negative deflection angle. This can be interpreted as a strong contribution to a screening of the gravitational interaction between both gravitons due to the presence of gravitinos in the quantum corrections to the scattering process.
The derivative of the eikonal phase w.r.t. the scattering energy generates the Shapiro's time delay for each of the gravitons interacting at very high velocity. It has been shown that for small impact parameters this time delay receives a negative constant shift also sensitive to all DL quantum corrections. The explicit formula is given in eq. (4.15). The above mentioned regions with negative deflection angle present positivity for both the total eikonal phase and Shapiro's time delay and therefore do not have problems related to the violation of causality.
In [44] it was shown how Shapiro's time delay can be calculated in the context of a particle propagating in a shockwave background generated by another very fast moving particle. The Born level time delay was then obtained from an Aichelburg-Sexl metric [48, 49] . It would be interesting to search for the metric associated to the DL resummation here discussed. A further path for research is to calculate the DL terms of inelastic amplitudes, and also for N < 4 supergravities, where the DL amplitudes have a divergent behaviour for large s. The mapping to the problem of counting 1-rooted ribbon graphs found in [23] for N = 8 supergravity should be understood in detail and, if possible, extended to other theories. Work is in progress to investigate these points.
